Gravitational perturbations in multi-planet systems caused by an accompanying star are the subject of this investigation. Our dynamical model is based on the binary star HD41004 AB where a giant planet orbits HD41004 A. We modify the orbital parameters of this system and analyze the motion of a hypothetical test-planet surrounding HD41004 A on an interior orbit to the detected giant planet. Our numerical computations indicate perturbations due to mean motion and secular resonances. The locations of these resonances are usually connected to high eccentricity and highly inclined motion depending strongly on the binary-planet architecture. As the positions of mean motion resonances can easily be determined, the main purpose of this study is to present a new semianalytical method to determine the location of a secular resonance without huge computational effort.
Introduction
Detections of planets in binary star systems (see e.g. Roell et al. 2012 ) and the knowledge that such stellar systems are quite numerous in the solar neighborhood (Duquennoy & Mayor 1991; Raghavan et al. 2010; Tokovinin 2014 ) have encouraged astronomers to study the planetary motion in such systems. In this context, we have to distinguish different types of motion (Dvorak 1984) : (i) the circumstellar or S-type orbits where the planet moves around one stellar component and (ii) the circumbinary or P-type motion where the planetary orbit surrounds both stars. For completeness we mention a third type, known as L-or T-type (or Trojan motion), where the planet moves in the same orbit as the secondary star but 60 o ahead or behind the secondary. A restriction in the mass-ratio makes this motion less interesting for binary stars.
Even though it was questionable that planets could exist in binary star systems (especially in tight systems), scientists working in dynamical astronomy have shown very early that planetary motion in binary star systems could be possible in spite of the gravitational perturbations of the second star. Such studies have been carried out long before the detection of planets outside the solar system (see e.g. Harrington 1977; Graziani & Black star system. In this study, we investigate the circumstellar motion of two planets and analyze the perturbations caused by the secondary star. Our investigation is based on the work by Pilat-Lohinger (2005) where the influence of a secondary star on two-planets has been studied for the two spectroscopic binaries γ Cephei and HD41004 AB. In both systems, the secondary star is a M-dwarf in a distance of about 20 au from the host-star of the detected gas giant. The numerical study by Pilat-Lohinger (2005) showed significant deviations in the stability maps of a certain area in the two binary systems due to different masses of the host-stars and the discovered planets and the different positions of the latter.
A variation of the giant-planet's semi-major axis provided a first explanation for these deviations.
In the present investigation, we studied the locations of gravitational perturbations 2 like mean motion resonances (MMRs) and secular resonances (SRs) in the binary system HD41004 AB using numerical computations, taking into account different binary-planet configurations for which we varied (i) the mass of the secondary star and (ii) the eccentricities of the binary star and the detected giant planet. For these configurations, we calculated stability maps for the motion of test-planets orbiting the host-star interior to the giant planet. The numerical results led us to study the planetary motion in detail using a frequency analysis for planar orbits. Moreover, as an experiment we calculated the proper frequencies of the test-planets using the Laplace-Lagrange secular perturbation theory which resulted in a new semi-analytical approach that permits a fast determination of the location of a linear SR. The SR is a striking feature in many dynamical maps in our study and might be important for habitability studies of such systems.
This article is structured as follows: in section 2, we explain the dynamical model and initial conditions for the computations and we discuss the perturbations on the planetary motion. Section 3 shows the numerical results for different binary-planet configurations for which we analyze the behavior and the perturbations on the motion of the test-planets.
In section 4, we present a new semi-analytical approach to determine the location of the secular perturbation and an application of our method to different binary stars-planet configurations of HD41004 AB. Then we compare the results with those of the numerical study and finally, in section 5 we summarize our study. For our numerical study of circumstellar motion of two planets in a binary star system we used a configuration resembling the HD41004 AB system where a giant planet has been discovered (Zucker et al. 2003 (Zucker et al. , 2004 . This tight binary star is about 43 pc away from our sun. Both stellar components, a K2V and a M2V star, are accompanied by either a giant planet or a brown dwarf, where the latter is ignored in our dynamical model. The parameters of the two stars were taken from the paper by Roell et al. (2012) , where the two stellar masses are 0.7 M Sun and 0.42 M Sun , respectively. While the distance of the two stars seems to be well determined with about 20 au, the binary's eccentricity is not known 3 and needs further observations. The detected giant planet surrounds HD41004A at 1.64 au, well inside the stable area for e B = 0.4 is 2.8 au 4 . And the additional hypothetical test-planet was placed internal to the giant planet in an initially circular orbit. In order to save computation time we used the restricted four body problem where the test-planet has a negligible mass compared to the binary stars and the gas giant. However, test-computations with massive test-planets (up to an Earth-mass) showed the same dynamical behavior. The equations of motion were calculated numerically by means of the Lie series method using the nine package of Eggl (see Eggl & Dvorak 2010) . Table 1 summarizes the different initial binary-planet configurations which were calculated for a time span between 10 6 and 5 × 10 As soon as we add the secondary star at 20 au to the system a red arched band appears in the stable area (see Fig. 1 upper right panel) which arises from a perturbation of the giant planet and the secondary star (for details see the forthcoming section).
Numerical computations
A comparison of the two upper panels of Fig. 1 shows that the extension of the stable area in a T P is about the same which indicates that the border between stable and unstable motion is determined by the giant planet's semi-major axis. The main differences of circumstellar motion in a binary system and the motion around a single star are the following:
(i) In addition to MMRs a SR might appear under certain circumstances.
(ii) The MMRs with respect to the giant planet are stronger and therefore better visible as the giant planet is perturbed by the secondary star leading to a fluctuation in e GP .
(iii) The border of unstable motion is shifted to higher inclinations (i T P > 60 o ) of the test-planets.
Moreover, the right panel of Fig. 1 shows that the region between the host-star and the SR is obviously not perturbed by the giant planet as the motion of the test-planets remains nearly circular during the whole computation. So we assume that this area would provide best conditions for dynamical habitability as nearly circular planetary orbits will most probably be fully in the so-called habitable zone ( 
Results of the numerical study
The initial conditions shown in table 1 yield in total 320 different binary-planet configurations for which we calculated max-e maps consisting of 1560 orbits each in the (a T P , i T P ) plane. Here a T P = 0.15 . . . the secondary star (m 2 = 0.4m Sun ). Only the initial eccentricities of the binary e B and of the giant planet e GP were varied between 0.2 and 0.4 for both.
3.1. Effect of e B and e GP on the dynamics of the test-planets Due to these changes, we have plotted in Figs. 3 the extension of this perturbation for different eccentricities of the binary (left panel) and of the giant planet (right panel). These two panels confirm that changes in e B will modify the location of the SR while an increase of e GP enlarges the perturbed (red) area which is visualized in the right panel of Fig. 3 showing a V-shape for this perturbation. This phenomenon is well known for MMRs in such (a, e) maps.
Effect of a B on the dynamics of the test-planets
A variation of the distance of the two stars (a B ) and the influence on the orbital behavior of the test-planets is given in Figs. 4(a-d) . We show the results for two stellar the giant planet (for a T P from 0.4 to nearly 0.7 au). As this feature can be observed only for a low-mass secondary star we assume that in such a system this area is only affected gravitationally by the gas giant.
3.3. Effect of the secondary's mass on the dynamics of the test-planets The influence of the mass of the secondary star is shown in Figs. 5(a,b) . The two panels display the result of the same configuration as for the study of Fig. 2 upper left panel only the mass of the perturbing star at 20 au is increased. A comparison of these plots shows a shift of the SR to larger semi-major axes, i.e. in direction towards the giant planet and the secondary star. In addition, we recognize an enlargement of the perturbed area due to the fact that a more massive secondary star has a stronger influence on the giant planet, so that the eccentricity of the giant planet is increased and the perturbed area will grow simultaneously.
Semi-analytical approach to locate a linear secular resonance
To explain the strong perturbation represented by the arched red band in various max-e maps (see e.g. 
Numerical values for proper frequencies
To determine the proper frequencies of the orbits one needs long-term computations of the dynamical system where the integration time depends on the distance of the two stars, which is in our case about 20 au. For such a tight binary, we needed only calculations over some 10 6 years. Of course the computation time increases with a B (as discussed in 
Bazsó et al. 2016).
The time evolution of the orbits was analyzed using the Fast Fourier Transform library FFTW of Frigo & Johnson (2005) 7 . In addition, we applied the tool SigSpec of Reegen (2007) for our orbital analysis where a Discrete Fourier Transform is used to decide whether a peak in the Fourier spectrum is not due to the noise in the signal. From the main frequency in the Fourier spectrum of an orbit we calculated the proper period. The results are shown by the black dots in the lower panel of Fig. 6 . It is clearly seen that we could not determine the proper periods for orbits in the area between 0.38 and 0.43 au and at 0.56 au,
i.e. for orbits with max-e= 1 (compare the two panels of Fig. 6 ). As the Fourier spectrum indicates a chaotic behavior for these orbits we could not determine the proper frequencies.
In addition we tested the application of a secular perturbation theory for the determination of the proper frequencies of the test-planets.
Analytical values for proper frequencies
The well-known Laplace-Lagrange secular perturbations theory (see e.g.
Murray & Dermott 1999) was used to derive an analytical solution for the proper frequencies. As this theory has been developed for studies in the solar system, it is restricted to low eccentricities and low inclinations. Nevertheless, we tested its application for the HD41004 binary system using an eccentricity of 0.2 for both, the binary and the giant planet. The massless test-planets were started with nearly zero initial eccentricities and inclinations. The secular frequency g was deduced according to the secular linear approximation (see e.g. Murray & Dermott 1999) :
where α i = a/a i for i = 1, 2 and a 1 , a 2 , a are the semi-major axes of the giant planet, the secondary and the test-planet, respectively. m 1 and m 2 are the masses of the giant planet and the secondary and m 0 is the mass of the primary star. b
( 1) 3/2 is a Laplace coefficient. According to Eq. 1, the value of g depends on the semi-major axes and the masses, which are all constant for a certain configuration. Therefore, the value of g is also constant for a given semi-major axis of a test-planet.
For calculations of proper frequencies usually a transformation to new variables
made, where h = e sin ̟ and k = e cos ̟. Then, the general solution of the test-planets' motion is given by:
where e f ree and Φ are constants given by the initial conditions. The second part of the two Eqs. 2 varies with time as it depends on the secular solution. A secular resonance occurs in case g i ≈ g. In such a case, the forced eccentricity will increase rapidly to 1 leading to an escape or close encounter with another body of the system (as it can be seen in The intersection of the curve representing the analytical solution for the proper periods of the test-planets (i.e. the black curve in Fig. 7 ) with the numerically determined proper period of the giant planet (i.e. the horizontal lines for the different e B and e GP in Fig. 7) defines the position of the linear SR but not the width which can be quite large in case of high eccentric motion of the giant planet (as shown in Fig. 3 right panel) . The vertical white line indicated the location of the SR.
One can notice that this location is not centered in the V-shape of the perturbed area. It is more or less the inner boundary of the perturbed area. Moreover, we recognized that the location a SR will not change significantly when increasing the giant planet's eccentricity.
Only the width will increase as indicated by the V-shape in the right panel of Fig. 3 . The two plots show that the eccentricity of the binary is important for the location of the SR while the eccentricity of the giant planet is responsible for the extension of the SR. To determine the width of the SR, we replaced a GP by the peri-and apo-center distances 9 of the giant planet and calculated the proper frequency of the giant planet for these positions. The result is shown in Fig. 8 by the horizonal lines where the green line labels the proper period for a GP , the blue line shows the result for a = a apocenter and the magenta line represents the result for a = a pericenter . Looking at the intersections of these lines with the black curve (representing the proper periods of the test-planets) one can see from the crossing point of the blue line (at 0.445 au) that the apo-center position defines well the outer rim of the SR. This is confirmed by the grey line representing the maximum eccentricities of the test-planets which shows a sudden change in max-e in this area. However, the intersection point of the magenta line is not recognized immediately as inner border of the SR. Only if we examine this positions (i.e. 0.295 au) more closely we notice that at this intersection the max-e value starts to be larger than e GP and it grows smoothly towards 1 when approaching a SR . The resulting shape of max-e curve seems to be significant for regions where SRs are acting, as this shape was also found in a study by Malhotra (1998) .
The application of our method to the apo-and peri-center positions of the giant planet determined obviously quite well the width of the SR (at least for an eccentricity of 0.2 for the binary and the giant planet).
A study of different binary configurations of HD41004
The successful application of our newly developed semi-analytical method motivated us to study the different binary-planet configurations of HD4104 AB of section 3 again with the aid of this method to verify if we obtain similar features as in our numerical investigation. Therefore, we varied (i) the semi-major axis of the binary from 10 au to 40 au, (ii) the eccentricities of the binary and of the giant planet using either 0.2 or 0.4, and (iii) the mass of the secondary star (using 0.4, 0.7 and 1 solar mass). For the resulting 48 binary-planet configurations we determined a SR applying our method. The results of this study are summarized in table 3. This overview shows clearly that an increase of the secondary's mass from 0.4 (M-type star) to 1 solar mass (G-type star) causes an outward shift of the SR to larger semi-major axes for a binary configuration. While an increase of the distance between the two stars (here from 10 to 40 au) indicates an inward shift of the SR. As already pointed out in the previous section, table 3 shows clearly that a change of e B leads to a stronger displacement of the secular resonance than a change in e GP . A comparison with the numerical computations of the previous sections shows that the results of both studies are in good agreement which demonstrates the accurateness of this method.
Conclusion
We studied the planetary motion around one stellar component of a binary system. As dynamical model we used binary configurations resembling the HD41004 AB system where a planet (HD41004 Ab) has been detected at 1.64 au (Zucker et al. 2003 (Zucker et al. , 2004 . The aim of this work was to continue and improve the study of Pilat-Lohinger (2005) and to figure out in detail the influence of a secondary star on the motion of test-planets in the area between 0.15 and 1.3 au.
First we showed in a purely numerical approach the perturbations due to the giant planet and the secondary star. The max-e plots display the MMRs and SRs where the latter changed place when we varied the orbital parameters of the binary. A similar behavior has been found by Pilat-Lohinger (2005) for a variation of the giant planet's semi-major axis.
Depending on the binary-planet configuration the secular resonance can influence also the motion in the habitable zone. Moreover, our system configurations showed that test-planets with semi-major axes a < a SR (i.e. the semi-major axis of the secular resonance) move on nearly circular orbits and provide therefore, best conditions for habitability from the dynamical point of view.
In the second part of this investigation, we developed a semi-analytical method which allows a fast determination of a SR . Only one numerical integration of the binary-planet configuration is needed to determine the proper frequency of the giant planet. While the test-planets' proper frequencies were taken from the analytical solution of the Laplace-Lagrange secular perturbation theory. The intersection of both results defines the location of the SR.
We showed that the results for the binary HD41004 AB of a purely numerical study and of our semi-analytical approach are in good agreement Further applications of this method to tight binary star systems with a detected planetary companions in circumstellar motion are shown by Bazsó et al. (2016) .
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